Topological nodal-line semimetals are characterized by one-dimensional Dirac nodal rings that are protected by the combined symmetry of inversion P and time-reversal T . The stability of these Dirac rings is guaranteed by a quantized ±π Berry phase and their low-energy physics is described by a one-parameter family of (2+1)-dimensional quantum field theories exhibiting the parity anomaly. Here we study the Berry-phase supported topological transport of PT invariant nodal-line semimetals. We find that small inversion breaking allows for an electric-field induced anomalous transverse current, whose universal component originates from the parity anomaly. Due to this Hall-like current, carriers at opposite sides of the Dirac nodal ring flow to opposite surfaces when an electric field is applied. To detect the topological currents, we propose a dumbbell device, which uses surface states to filter charges based on their momenta. Suggestions for experiments and device applications are discussed.
Topological nodal-line semimetals are characterized by one-dimensional Dirac nodal rings that are protected by the combined symmetry of inversion P and time-reversal T . The stability of these Dirac rings is guaranteed by a quantized ±π Berry phase and their low-energy physics is described by a one-parameter family of (2+1)-dimensional quantum field theories exhibiting the parity anomaly. Here we study the Berry-phase supported topological transport of PT invariant nodal-line semimetals. We find that small inversion breaking allows for an electric-field induced anomalous transverse current, whose universal component originates from the parity anomaly. Due to this Hall-like current, carriers at opposite sides of the Dirac nodal ring flow to opposite surfaces when an electric field is applied. To detect the topological currents, we propose a dumbbell device, which uses surface states to filter charges based on their momenta. Suggestions for experiments and device applications are discussed.
The last decade witnessed a growing interest in anomalous transport properties of topological semimetals [1] [2] [3] [4] [5] [6] , such as the axial current in Weyl semimetals 7 and the valley Hall effect in graphene 8, 9 . These topological currents have their origin in quantum anomalies of the relativistic field theories describing the low-energy physics of semimetals. Quantum anomalies arise whenever a symmetry of the classical theory is broken by the regularization of the quantum theory. For example, in Weyl semimetals the (3+1)-dimensional chiral anomaly [10] [11] [12] [13] [14] [15] [16] manifests itself by the non-conservation of the chiral charge, i.e., as an axial current flowing between Weyl points with opposite chiralities. Experiments on TaAs 17,18 and on Na 3 Bi 19 have revealed signatures of the chiral anomaly in magneto-transport measurements. The chiral anomaly of Weyl semimetals is intimately connected to the nontrivial topology of the Berry bundle [20] [21] [22] [23] , which endows the Weyl points with a nonzero topological charge.
Another example of an anomaly leading to topological currents is the (2+1)-dimensional parity anomaly [24] [25] [26] [27] , which is realized in graphene [28] [29] [30] [31] [32] [33] . The parity anomaly also appears on the surface of topological (crystalline) insulators 34, 35 and in quantum spin Hall systems 36 . The fermionic excitations near the Dirac cones of graphene are described by a (2+1)-dimensional quantum field theory exhibiting the parity anomaly. Any gauge symmetric regularization of this quantum field theory must break spacetime inversion symmetry, which manifests itself by a parity-breaking Chern-Simons term in the electromagnetic response theory of a single graphene Dirac cone. This Chern-Simons term gives rise to the valley Hall effect, where fermions from different Dirac cones flow to opposite transverse edges, upon applying an electric field. The valley Hall effect has been observed experimentally [28] [29] [30] [31] and has attracted attention due to possible applications in valleytronics devices 28, 37 . Parallel to these developments, recent research has shown that there exist topological semi-metals not just with Fermi points, but also with finite-dimensional Fermi surfaces, such as, Dirac or Weyl nodal lines [20] [21] [22] [23] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] . These line nodes can be protected by time-reversal and nonsymmorphic symmetries 47, 48 , by mirror planes 48 , or by the combined symmetry of inversion and timereversal 46, 47 . The topological charges of these finitedimensional Fermi surfaces are defined in a similar way as for Weyl and Dirac points, namely, by the topology of the Berry bundle on a d c -dimensional sphere that encloses the Fermi surface from its transverse dimension [20] [21] [22] [23] . Here, d c is called the co-dimension of the topological Fermi surface. Since topologically nontrivial Berry bundles are closely connected to quantum anomalies, one may wonder whether the quantum field theories describing nodal-line semimetals exhibit any anomalies and, if so, whether they lead to unusual transport phenomena. This is the question we address in this Rapid Communication for the case of Dirac nodal-line semimetals (DNLSMs) protected by the combined symmetry of timereversal T and inversion P with (P T ) 2 = +1 [42] [43] [44] . PT invariant DNLSMs are realized in several different materials, e.g., in Ca 3 P 2 50 and CaAgAs 51, 52 and in other systems [53] [54] [55] [56] [57] [58] [59] [60] . We find that the low-energy fermionic excitations of these DNLSMs are described by a one-parameter family of (2+1)-dimensional quantum field theories with a parity anomaly. We show that this parity anomaly leads to a Hall-like topological current, which can be controlled using electric fields. To detect this anomalous current, we propose a dumbbell-shaped device, which utilizes the drumhead surface states of DNLSMs to filter electrons based on their momenta.
Topological charge and parity anomaly. We begin our analysis by discussing the relation between the Z 2 topological charge of PT symmetric DNLSMs and the parity anomaly. The Fermi surface of Dirac nodal-line semimetals consists of one-dimensional Dirac rings, which have co-dimension d c = 1 in the three-dimensional Brillouin zone (BZ). We assume that the DNLSM exhibits only a single Dirac ring, which is located within the k z = 0 plane [ Fig. 1(a) ]. Its low-energy Hamiltonian reads
where for later use we have introduced a small PT breaking mass mσ 1 . In a DNLSM material this mass term could be generated, for example, by inversion breaking uniaxial strain, pressure or an external electric field. In the absence of mσ 1 the Hamiltonian H(k) is PT symmetric with the PT operatorPT = σ 3K . The symmetry protection of the Dirac ring (1) is guaranteed by a quantized Z 2 topological charge ν, which is given by the parity of the Berry phase along a loop S 1 that interlinks with the Dirac ring [ Fig. 1(a) ]. That is, ν is expressed as
where the integration is along the loop S 1 , parametrized by ϕ ∈ [−π, π), and A αβ,j = α, k|i∂ kj |β, k denotes the Berry connection of the occupied Bloch eigenstates |α, k . PT symmetry ensures that ν can only take on the quantized values 0 and 1. Loops S 1 that interlink with a Dirac ring have a nontrivial Berry bundle, which results in a nonzero topological charge ν = 1. In two dimensions, Eq. (2) assures the stability of the Dirac points in graphene. In fact, since graphene is PT symmetric and its Dirac points have co-dimension d c = 1, it belongs to the same entry 61 in the classification of topological semimetals as DNLSMs 46 . Guided by this observation, we introduce cylindrical coordinates {k ρ , φ, k z } and decompose the (3+1)-dimensional DNLSM into a family of (2+1)-dimensional subsystems parameterized by φ, as shown in Fig. 1(a) . Each subsystem exhibits two Dirac points with opposite Berry phase 62 . The low-energy physics of a single Dirac point in a given subsystem is described by a (2+1)-dimensional quantum field theory with the action
where ψ is a two-component Dirac spinor coupled to the electromagnetic gauge field A µ . Here,ψ = ψ
µν , and η µν = diag(1, −1, −1). The mass term mψψ breaks spacetime inversion symmetry, since the spinors transform under PT as ψ → γ 2 γ 0 ψ and
In the absence of the mass term mψψ, Eq. (3) is PT symmetric and can be viewed as a classical action of (2 + 1)-dimensional Dirac fields. It is however impossible to quantize this classical action without breaking the spacetime inversion symmetry, i.e., PT symmetry is broken by the regularization of the quantum theory. To see this, let us consider the Pauli-Villars regularization of the effective action S 
where η = ±1 is the sign of the Dirac point Berry phase. As discussed in Eq. (2), the Berry phase η is equal to the topological charge ν (up to a sign convention). From the modern condensed matter viewpoint, the parity anomaly is attributed to the Z 2 topological charge ν of the PT symmetric Dirac point. That is, because of the topological obstruction from the nontrivial topological charge, there exists no PT symmetric lattice ultraviolet regularization for a single (2+1)-dimensional Dirac point. I.e., any lattice regularization has to involve an even number of nontrivial Dirac points, since the sum over all topological charges in the BZ torus must be zero. This is consistent with the Z 2 nature of the parity anomaly, since a doublet of (2+1)-dimensional Dirac points coupled to gauge fields can be quantized without breaking PT symmetry.
To conclude, in the process of quantizing the classical action (3) we have broken PT symmetry due to the Chern-Simons term (4). Thus, although the parity anomaly strictly speaking occurs only in (2+1) dimensions, it also appears in (3+1)-dimensional DNLSMs.
Topological transport in DNLSMs. Next we discuss the anomalous transport phenomena that are associated with the parity anomaly. Varying the Chern-Simons term (4) with respect to the electromagnetic gauge field A µ yields the anomalous transverse current
The red arrows indicate the Berry curvature Ω(k), Eq. (6), in the presence of a small PT breaking mass term mσ1. The green arrows represent the transverse topological current j t,φ , Eq. (7), that is induced by an external electric field applied along (a) theŷ direction and (b) theẑ direction.
for a single Dirac cone in a given (2+1)-dimensional subsystem. Thus, electromagnetic fields projected onto a two-dimensional subsystem induce a topological current, which flows perpendicular to the applied field. Since the energy bands of DNLSMs are, to a first approximation, nondispersive along the φ direction, one might expect that the electromagnetic response of DNLSMs in the presence of a small PT breaking term is dominated by this topological current. However, for each two-dimensional subsystem there are two Dirac points that contribute to the transverse current with opposite signs η = ±1. Since these two contributions cancel out to zero, the topological current can only be measured by a device that filters electrons based on their momenta. Let us now give a second derivation of the transverse topological currents in terms of semiclassical response theory 9 . In the presence of an electric field, the semiclassical equations of motion for Bloch electrons contain an anomalous velocity proportional to the Berry curvature. This gives rise to a transverse Hall-like current 8, 9 , given by
, where f (k) is the Fermi-Dirac distribution function, E denotes the electric field, and Ω(k) represents the Berry curvature of the Bloch eigenstate |α, k , which is defined as Ω(k) = ∇ k × α, k|i∇ k |α, k . From a symmetry analysis it follows that the Berry curvature in a gapped system vanishes identically, unless either time-reversal or inversion symmetry are broken. Indeed, using Eq. (1) with m = 0 we find that Ω(k) is zero in the entire BZ, except at the Dirac nodal line, where it becomes singular, i.e., Ω(k) = πδ(k ρ − k 0 )δ(k z )ê φ . To regularize this divergent Berry curvature, PT symmetry needs to be broken, for example, by uniaxial strain, pressure, disorder, circularly polarized light, or an electric field, which leads to a small non-zero mass mσ 1 in Eq. (1) and, consequently, a wellbehaved Berry curvature. For the conduction band, Ω(k) is given by where we have neglected terms of higher order in q ρ and k z . Here, q ρ = k ρ − k 0 is the radial distance from the Dirac ring. The Berry curvature is peaked at (q ρ , k z ) = (0, 0) and points in opposite directions at opposite sides of the Dirac ring (Fig. 2) . The latter is a consequence of time-reversal symmetry, which requires that Ω(k) = −Ω(−k). From Eq. (6) we compute the transverse current contributed by states with momentum angle φ by performing the momentum integral over the cylindrical coordinates k ρ and k z . Assuming that the chemical potential E F = µ lies within the conduction band, just above the gap opened by mσ 1 , we obtain the φ-dependent Hall current
where we have neglected terms of order m 2 . For a derivation of Eqs. (6) and (7) we refer the reader to the supplemental material (SM) 63 . Interestingly, when the chemical potential µ is bigger than the gap energy m, the transverse current j t,φ is dominated by the first term, which originates from the parity anomaly. Indeed, the first term of Eq. (7) is consistent with Eq. (5) as it differs only by the differential element (k 0 /2π)dφ of the cylindrical coordinate system. Figure 2 displays the distribution of the transverse currents j t,φ (green arrows) along the Dirac ring for a constant electric field applied along theŷ and z directions. We observe that carriers on opposing sides of the Dirac ring flow into opposite directions transverse to the electric field. This leads to an accumulations of charge on opposite surfaces of the DNLSM.
Dumbbell filter device.
From the above analysis it is now clear that the parity anomaly in DNLSMs gives rise to transverse topological currents. However, since the currents contributed by modes on opposing sides of the Dirac ring have opposite sign, the total transverse current vanishes (i.e., the anomaly cancels). Nevertheless, it is possible to detect anomalous currents by use of a dumbbell filter device, which is based on a ballistic constriction with (001) surface states [ Fig. 3(a) ] (i.e., a constriction in which the electronic states are confined along the z direction). To explain this, we consider a lattice version of the effective Hamiltonian (1), which is given by
T describing electrons in p and d orbitals, and
Here, µ z is an on-site energy, and t , t ⊥ , and t ⊥ represent intra-and inter-orbital hopping amplitudes on the cubic lattice. The topologically nontrivial Berry bundle of H L leads to the appearance of drumhead surface states. This can be seen by deforming the green integration loop in Fig. 1(a) into two lines along the (001) axis (i.e., along the z direction), denoted by "L i " in Fig. 1(b) . It follows from the bulk-boundary correspondence 64 that in-gap surface states appear at the (001) The proposed dumbbell filter device consists of two bulk regions connected by a ballistic constriction with drumhead surface states [ Fig. 3(a) ]. All three parts of the dumbbell are made from the same nodal-line material, which should be relatively defect free. Such a device could be manufactured, for example, using focused ion beam microfabrication 65 . The electronic states in the constriction are confined in the z direction, such that their low-energy spectrum is dominated by the drumhead surface states. We show the dispersion relation of the constriction with dimensions N x = 20 and N z = 10 in Fig. 4(a) , which reveals that all states with energies within the interval −0.4 E 0.4 are surface states (cf. Fig. S3(a) in SM 63 ). When a voltage is applied across the device, a current passes through the constriction, whose conductance is given by the multi-channel Landauer formula 66, 67 , G = only electrons from the right half of the Dirac ring [red in Fig. 3(b) ] with k y > 0 can pass through the constriction. Electrons from the left half of the Dirac ring [blue in Fig. 3(b) ], however, are reflected. Therefore, the dumbbell device acts as a filter for modes with k y > 0. The effectivness of the filter can be estimated by the polarization P = G surf /G tot , where G tot and G surf denote the total conductance and the conductance contributed by the surface modes, respectively. We find that P is close to 100% for |µ| 0.4, while it decreases once bulk modes start to mix in [Fig. 4(b) ]. For additional simulations see SM 63 . Now, since the electric field is oriented along the y direction in the dumbbell device, electrons with k y > 0 give rise to a transverse current that flows upwards along the z direction [ Fig. 2(a) ]. Thus, a voltage difference develops between the upper and lower surfaces of the right weight plate of Fig. 3(a) . This voltage difference can be measured experimentally and is a clear signature of the parity anomaly in DNLSMs.
Conclusion. The anomaly-induced currents are robust to small perturbations, since they are of topological origin. The same applies to the dumbbell device, as its properties originate from topologically protected surface states. Hence, the topological currents are observable even in systems with small spin-orbit coupling, finite dispersion of the nodal ring, as well as moderately strong disorder, as discussed in the SM 63 . Regarding experimental realizations of our proposal, the hexagonal pnictides CaAgAs and CaAgP 51, 52 are particularly promising candidate materials, because they are available in single crystal from and exhibit just a single Dirac ring at the Fermi energy 52, [68] [69] [70] . In the SM 63 we give some estimates for the optimal geometry of a dumbbell device made out of CaAgP.
While the observation of the parity anomaly in DNLSMs would be of fundamental interest, the dumbbell device used for this purpose could also lead to new electronic devices, such as a topological current rectifier. We anticipate that similar devices could also be realized in Dirac or Weyl semi-metals, whose Fermi arc surface states could be used as a valley filter.
